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ABSTRACT

It has been suggested that Soliton formation might be

relevant to SeaSat observations. It has also been said that there

are no Solitons in more than one space dimension. The second

statement is demonstrated to be false. The Kadomtsev-Petviashvile

equation relevant to Internal Waves Is shown not to have Soliton

solutions. This lends support to the view that Solitons and SeaSat -.

have little in common.
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1.0 INTRODUCTION 0

The persistence of long V-shaped wakes observed by SeaSat

has led to suggestions that the phenomena may be related to Internal 0

Wave Solitons. Most observations were made under conditions for

which one would have little or no reason to expect Solitons to be

relevant. However, there is one case (Rev. 407) for which one might S

think otherwise. This was a big ship in shallow water with a strong

thermodine.

A priori there is little likelihood that the equations

describing internal waves generated by ships will admit Soliton

solutions. (By a Soliton we mean a non-singular disturbance

localized in space at any time which retains its integrity on

interactions with similar disturbances.) While there are many

equations in one space dimension which have Soliton solutions, little

is known about spaces of higher dimensions. (Indeed it is sometimes

said that there are no true solitons in case the number of space

dimensions is greater than one. Below we will see this is not true.) .

Since the paradigm of an equation describing Solitons is the .

Korteineg-deVries (KdV) equation it is natural to take as our

starting point an equation closely related to this which does

. .".. ° . ..



describe fully three dimensional internal waves. (The class of

solutions described is not exactly those we would expect to be ship

produced. However, it is hoped that the results obtained will give

support to our conviction that Internal Wave Solitons are not

relevant for the SeaSat photographs.)

The equation we have in mind is

-l 2
+ uyy + a (3u + u0 ()

where

x
-- I, = 1/2 J - * (x') dx"

Closely related to Eq. (1) is the equation

u a-1 u + 3 (3u2 + u 0 (2)

- x yy 2 xx

The Eqs. (1) and (2) are known as the Kadomtsev -

• . Petviashvili (1) equations. A derivation of Eq. (1) in the case of . "

* internal waves is given in reference (2). An important point is that

, for internal waves the sign of the term in Eq. (1) involving u y is

- unambiguously required to be plus. (There are physical situations

2
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where Eq. (2) can hold. An example is when capillarity is

important.)

Our main result is the following: The extension of the

N-Soliton solutions of K-deV to solutions of Eqs. (I) and (2)

generally break up asymptotically into K-deV Solitons moving in

arbitrary directions in the x-y plane. (These are then plane

waves.) They are physically unacceptable as being non-localized.

However, for special values of the parameters these solutions are

localized in x,y. However, for Eq. (1) these localized solutions are

singular. Hence these solutions again are not physical. (This is

not so for Eq. (2). True localized, non-singular, non-interacting

"lumps" result. We include these primarily to show that multi-

dimensional Solitons do indeed exist.)

In Section 2 the formalism used by Zakharov and Shabat (3)

to integrate the K-P equations is summarized. The generalization of

the N-Soliton KdeV solution is given in Section 3. In Section 4 the

"lumps" which result when special relations exist between the N-

Soliton parameters is presented.
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2.0 FORMALISM

Zakharov and Shabat (3) have introduced a method to

*integrate Eqs. (1) and (2). We summarize this here.

Let F(x,z;yt) satisfy the two equations

.IF+ a3F + F 3 0
4 at ax 3  + az 3 (3

and

1 aF 82F 3'F 0 (4)

ay ax2  az 2

-Determine K(x,z;y,t) from the Volterra equation

jF(x,z) + 1C(x,z) + fj K(x,s) F(s,z)ds 0 (5)
x

(Here we have suppressed the parametric arguments y and t.)

. ~ ~ ~ ~ ~ .. .. . . .



Then they show that

d
u - 2dK(x,x) (6)

dx

satisfies Eq. (1).

To find solutions of Eq. (2) we merely note that from any

solution of Eq. (1) we can obtain a solution of Eq. (2) by the

replacement y iy

5i
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I 3.0 GENERALIZATION OF THE N-SOLITON K-deV SOLUTIONS

We follow reference (3).

A. Suppose

F -)C e n M(t,y) (7)

From Eq. (3) we find

M C(y) e(C + (8)

I Then Eq. (4) gives0

C M Me/3 (/ n (9)
0

i.e

A ~ 2 -2 +4i 3  3VJ- r K y 4(c n)t]

Our Gelfand-Levitan Equation (5) becomes

-KX nZ-KS lZ_K(x,z) + Me IX-fZ+ f K(x,s) Me e - 0 ()
x

6



Clearly K(x,z) -K(x) e .Inserting in Eq. (11) yields

K(x)+M + M~ + K 0 (12)

Solving gives

- (ix + rnz)
*1K(x,z) = -M e (13)0

1+ eH -(K +n)X

Then

K(i + TI)X

K(x,x) = -M e

1+ +

in [1+ e (

K + fl

and so

u =2 ~ In L'I+ M e(I ix (14)

~2 K +fn

Defining x0 by

0

r 70



gives

I_ a 2 2
0 In + /3 (ni - c)y + 4(Kc - n + n~ )t (15)

Then Eq. (14) becomes

u K +Tj) 2(16)

coh2 (Kc + ni) (x -x 0)
cosh 2

To interprete this consider K then

U2Kc 2  (17)

cosh 2 (X- x 0)

with

2
x =constant + 4ic t

This is just a K-deV Soliton. For K n r the solution (16)

is then a K-deV type soliton propagating at an arbitrary

angle with respect to the x-axiLs. This is a plane wave -it

is constant on the line

x -3 (2 K 2 )y constant

8



and hence physically really not acceptable.

B) The above is readily extended to get the 2-dimensional

extension of the N-Soliton K-deV solution. Thus we

generalize Eq. (10) by choosing

f=E Mn (t,y)e nx Tnz (18)
n

Since Eq. (3) and (4) are linear we have in analogy to Eq.

(10)

[r3 (TI~ K )y + 4(K 3 + rJ )t]
M n=M n(o) e n nn n(19)

The degenerate integral equation for K(x,z) is then

satisfied by

K(x,z) E K (x) e (20)n n

where

-K X -K + n)x
K (x)+ M e n M ~E K (x)in (21)

n n n
m K +f m1n m

This is readily solved using Cramer's rule. Thus

9



K (x) Anx (22)

n A(x)

where

M - (ICn + n m )x
Me n

A det {n+ (23)
KC + nn m

and A nis obtained from A by replacing the n'-th column of

the matrix by the vector

(-M e -KX -M 2eK 2

1. 2X

Suggested by the form of Eq. (14) we look at E A (x) e
n

aTd verify that

Z A (x) e AXn ax
nS

therefore K(x,x) a ln A and so
ax

a2u~x - 2- u A(2)

To interpret this result we consider the limit as y, t

go to infinity. Assuming no special relations between the

10



various pairs (ic ul) n Then we note that for large tyl, 0

itl there will be regions where one of the n(aM)is

much larger than all others. Hence then

M Ie -K ~+ n i)x (5

A~ ~ I -,I (5

j j

which is just the single soliton result of Eq. (14). Thus 0

asymptotically the solution breaks up into a sum of the

simple "plane soliton" solutions.



4.0 DEGENERATE CASES '

It is well known that the K-deV equation has in addition to

solutions like those of Eq. (24) solutions which are rational

functions of the coordinates. These can be obtained by making a

suitable ansatz for the form of solution. This is

c
U n (26)

nnIx - an(t)] .

Inserting in the K-deV shows that this will be a solution if a - 2

the cn are constants and the an satisfy simple coupled ordinary

differential equations. An alternative approach is to take the

general solution of Eq. (24), specify relations between the

parameters, n n, and pass to limits. This is the procedure given

in reference (4) - and the one we will follow.

We have seen that a solution is obtained from Eq. (24)

with A given by Eq. (23). Introduce Xn o Yn by

S+ fn+ - Yn (2 7)..
n n 2n''n'2, n (27) ; '-"i

n nn

°- ..
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2M [An+ y + A- ]mX 0

r+ ne 2 (28)
nn nn +A +

n m n m

M -a X e (29)

n nnn

Now look at the limit as all A + 0
nS

Assuming a 1- + c~ A we have on expanding in A and

keeping only matrix elements of first order in the XA

r XAd
nn n n

-2 A

n~m run (31)
YV-
n Ym

where

2S

d -x- + /3y y-3y t (32)
n n n n

Then 0'

13



det r ox nT) det r, (33)

withr, -d

nnnfn

Y-
n m

We can then write

a2
u- 2-Ln det r (35)

ax 2

The essential points are seen by considering the case of

N 2. Then

4
A' det r- d1 d2 + (36)

(Yl

Sx C ~+ V/-y y- 3y 2t ][x - C + / -y 3y 2t]

+9 (37)

Clearly u is then a rational function of x, y, t. Consider various

possibilities for C n .

(i) ' Y real. The solution is clearly singular.

n n

14



(There are points where A' 0 .)

(ii) C , Y complex. For the solution to be real we must - . -

have 0

41 . 4 42 - 4

Then

-+ x22 + 3 3 yt (38)

2
Yi

The second term can vary from 0 to and therefore A'

vanishes at least once.

These rational solutions of Eq. (1) are physically

unacceptable.

On the other hand we noted that a solution of Eq. (2) is

obtained from one of Eq. (1) by the replacement y + iy .In such a

case * ;.

15
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+ '4 (39)

(YI -2

Again if the y r yrare real the solution is singular. If

these are complex we must require in order that the solution be real

that y, = .2-- In this case

1i + Ix + r/3-yy -3y t1 (40)
2

If Yr (real part of yr) is non-zero this obviously gives a non-

singular solution. It is also well-behaved at infinity. As lxi

(IyI) go infinity U -- i-)
x y

16
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5.0 CONCLUSIONS

Two dimensional Solitons exist. However, some equations S

describing internal waves which might be strongly suspected of having

Soliton solutions do not.

While not definitive this lends significant support to the

view that Solitons have no connection with the phenomena observed by

SeaSat.

17-
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